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Nonlinear stress and fluctuation dynamics of sheared disordered wet foam
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A sheared wet foam, which stores elastic energy in bubble deformations, relaxes stress through bubble
rearrangements. The intermittency of bubble rearrangements in the foam leads to effectively stochastic drops in
stress that are followed by periods of elastic increase. We investigate global characteristics of highly disordered
foams over three decades of strain rate and almost two decades of system size. We characterize the behavior
using a range of measures: average stress, distribution of stress drops, rate of stress drops, and a normalized
fluctuation intensity. There is essentially no dependence on system size. As a function of strain rate, there is a
change in behavior around shear rates of 0.07 s21.
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I. INTRODUCTION

One of the potentially exciting features of driven, com
plex fluids is the possible existence of an ‘‘effective’’ tem
perature@1,2#. Examples of systems for which an effectiv
temperature may prove to be a useful idea include foa
emulsion, granular materials, and colloidal glasses~for ex-
ample, see Ref.@3#, and references therein!. Theoretical stud-
ies of effective temperatures using the bubble model
foams@1# and the ‘‘standard model’’ for a supercooled liqu
~a binary Lennard-Jones mixture! @2# provide a strong moti-
vation for experimental studies of effective temperature. U
derstanding the nature of fluctuations in these systems
key step toward developing an understanding of any con
of effective temperature. In this paper, we focus on fluct
tions in a sheared, two-dimensional foam system: bub
rafts@4,5#. Under shear, an initially jammed foam exhibits
elastic behavior until it reaches the yield strain, followed
intermittent ‘‘stress drops’’ as the bubbles undergo nonlin
topological rearrangements~for a review on foams, see Ref
@6–8#!. The fluctuations in stress, and other quantities in
system, are reminiscent of thermal fluctuations and motiv
definitions of effective temperature. A previous work wi
bubble rafts characterized the statistical distribution of str
drops for a single system size and a small range of st
rates @5#. The results were in an excellent agreement w
simulations of the bubble model@9–11#. In this paper, we
will report on results for a greater range of system size
strain rate. Additionally, we will report on a number of me
sures other than the distribution of stress drops. In additio
providing a starting point for studies of effective tempe
tures, this work provides detailed tests of competing mod
of flowing, two-dimensional foams.

There are a number of different models of flowing foa
They all make qualitatively similar predictions regarding t
behavior of the stress as a function of strain rate. For sm
rates of strain, there is an initial elastic region. At a critic
value of the stress~yield stress! or strain ~yield strain!, the
foam begins to flow. The flow in this region is intermitten
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with periods of increase followed by sudden, irregular str
releases, referred to as stress drops. Where the models
among themselves is the details of the distribution of str
drops. These differences are the result of different assu
tions concerning the source of dissipation and dryness of
foam. As this work focuses on two-dimensional foams,
‘‘dryness’’ is characterized by the area fraction of gas,f. For
f51, the foam is perfectly dry, and the bubbles are all po
gons. Forf,0.84, the foam ‘‘melts’’ into a froth of exclu-
sively circular bubbles. Foams near this limit are referred
as ‘‘wet.’’

Four main models of a two-dimensional foam are the v
tex model @12–14#; the quasistatic model@15,16#; the ex-
tendedq-Potts model@17#; and the bubble model@9–11#.
The vertex model is not particularly relevant to our syste
since it models dry foam. The quasistatic model is spe
because it does not contain any dissipation. It deals with
foams. The results from this model suggest a power-law
tribution for the probability of stress drops of a certain si
occurring@15,16#. This result is based mainly on measurin
the distribution ofT1 events. TheT1 events are nonlinea
neighbor switching events between four bubbles. The
tendedq-Potts model includes dissipation without makin
any specific assumptions about the dissipation. The wor
Ref. @17# focuses on the dry foam limit, but the model ca
treat wet foams. These simulations suggest that a quasis
limit does not exist for foam. In other words, as the stra
rate is continually decreased, the properties of the flow c
tinue to change. Also, they report a transition, as a funct
of disorder, from a viscoelastic solid to a viscoelastic flu
The signature of this change was the fact that sufficien
disordered foams displayed no yield strain. Instead, s
foams flowed immediately upon the application of shear.
nally, this work suggests that the distribution of energy dro
in sheared foam obeys a power law. However, the distri
tion of T1 events does not. The bubble model is applicable
wet foams, and its main prediction with regard to stre
drops is a power-law distribution for small stress drops w
an exponential cutoff at larger stress drop magnitu
©2003 The American Physical Society02-1
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@9–11#. In contrast to theq-Potts model, the bubble mode
does predict a quasistatic limit for flowing foams.

Experiments with foam have yielded various results.
direct studies of a three-dimensional foam using diffus
wave spectroscopy suggest a cutoff to the nonlinear r
rangements @18#. Studies of T1 events using two-
dimensional foams agree with these results@19#. These ex-
periments used the gas-liquid coexistence region
Langmuir monolayers to make truly two-dimensional foam
Experiments using quasistatic shear of a single layer
bubbles between glass plates suggest that there ma
system-wide events, suggesting a possible power-law be
ior @20#. Work with bubble rafts~a single layer of bubbles on
the surface of water! showed that the distribution of stres
drops for a system of'900 bubbles exhibited the expone
tial cutoff predicted by the bubble model@5#. In order to
further test the agreement with the bubble model, we h
extended the work in Ref.@5# to a wide range of system size
and strain rates. Furthermore, in addition to reporting on
distribution of stress drops, we also measure the rate of s
drops, the average stress~which gives the viscosity! and the
normalized stress fluctuation. We establish that the cutof
stress drops is not a finite size effect. Also, we show that
this system there is a well-defined quasistatic limit, as p
dicted by the bubble model. Finally, we will discuss the a
parent dependence of some of the properties on system
and strain rate. The rest of the paper is organized as follo
Section II describes the experimental techniques. Sectio
presents the results. Section IV discusses the results in
text of the various models of foams.

II. EXPERIMENTAL DETAILS

A standard bubble raft@4# provides an efficient mode
system for studying two-dimensional foams. Bubble ra
consist of a layer of bubbles floating on the surface of wa
The motion of the bubbles is essentially all in the pla
defined by the water surface. However, it should be no
that the system is not an ideal, two-dimensional syst
since some motion is possible perpendicular to the surf
However, in all of our experiments, the bubbles were mo
tored with video cameras, and no motion was observa
perpendicular to the water surface. The bubble raft was p
duced by flowing regulated nitrogen gas through a hypod
mic needle into a homogeneous solution of 82.0% by volu
glycerine, 14.5% by volume deionized water, 1.50% by v
ume triethanolamine, and 2.00% by volume oleic acid. T
bubble size was dependent on the nitrogen flow rate, wh
we varied using a needle valve. The bubble diameter ran
from 2 to 6 mm, with most bubbles in the 3 to 4 mm rang
The resulting bubbles were spooned into a cylindrical C
ette viscometer described in detail in Ref.@21#. This pro-
duced a two-dimensional wet foam on a homogeneous liq
substrate of 80% by volume deionized water, 15% by v
ume glycerine, and 5.0% by volume Miracle Bubbles~Impe-
rial Toy Corp.!. The Couette viscometer consists of a shall
dish that contains the liquid substrate. Two concentric tefl
rings are placed vertically in the dish. The outer ring cons
of 12 segmented pieces and has an adjustable radius.
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inner ring, or rotor, has a radiusr 54.0 cm and was sus
pended by a wire to form a torsion pendulum. Polypropyle
balls with a 4 mmdiameter were epoxied to the circumfe
ence of the inner rotor to prevent the innermost row
bubbles from slipping. The outermost row of bubbles w
monitored, and no slip of bubbles on the outer barrier w
observed. Figure 1 is a top view of a typical bubble raft
our apparatus. Portions of the two teflon rings are visible

To shear the foam, the outer teflon barrier was rotated
constant angular velocity in the range 0.0005–0.5 rad/s.
torquet on the inner rotor was monitored by recording t
angular position of the inner rotor~and thus the angular dis
placement of the torsion wire! twice per second. The angula
position was measured using magnetic flux techniques
scribed in detail in Ref.@21#. This data was recorded by
12-bit analog-to-digital converter and stored on a PC. T
tangential stresss on the inner rotor due to the foam is give
by s5t/(2pr 2). During periods without any rearrange
ments, the fluctuations in the stress were at the level of
bit, corresponding to changes in stress of 231023 dyn/cm.
Therefore, when computing stress drops, we filtered the d
to eliminate any changes in stress of6231023 dyn/cm.

The bubble raft was constructed by placing the appro
mate number of desired bubbles in the trough with the ou
barrier set to a large radius. It is important to note that
bubbles exhibited a strong attraction to each other. This
microscopic detail that is not included in any of the mod
discussed in the Introduction. Typically, two-dimension
foams are characterized by their gas-area fraction, whic
the ratio of the area filled by gas to the total area. Beca
the bubbles actually exist in three dimensions for a bub
raft, the fluid walls~and the cross-sectional area of a bubb!
are height dependent. This complicates the definition of

FIG. 1. Image of a section of a typical bubble raft. A portion
the inner rotor is visible in the lower left corner. A portion of th
outer barrier is visible in the upper right corner. This particular r
had'104 bubbles. The scale bar is 1 cm.
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NONLINEAR STRESS AND FLUCTUATION DYNAMICS . . . PHYSICAL REVIEW E 67, 051402 ~2003!
gas-area fraction. Therefore, we used a functional defini
for gas-area fraction based on the images of the bubble
We defined the area of gas to be the black regions within
bubbles in an image and maintained constant lighting co
tions, so that this definition was consistent from run to r
The outer barrier was compressed until the desired bu
density was achieved. It should be noted that this resulte
a variation in the initial shear stress of the bubble raft t
did not relax significantly on the time scale of the expe
ments. Therefore, due to the finite lifetime of the raft, t
experiments were carried out with this initial prestre
present. Both the total number of bubbles and average
area fraction were determined from images of a large sec
of the trough, assuming an essentially uniform distribution
bubbles throughout the trough. For all the data reported h
the gas-area fraction was'0.95.

The stability of the bubbles was enhanced by cooling
fluid substrate to 5 °C. Also, a glass cover was placed o
the bubbles. The cover helped to reduce evaporation and
not in contact with the bubbles. The entire apparatus w
contained in a cabinet. The cabinet reduced the air fl
around the apparatus, and a humidifier placed within
cabinet helped to extend the lifetime of the bubbles. T
bubbles in the bubble raft did not exhibit any substan
coarsening with time. Instead, the raft tended to suffer c
strophic failure after'2 h due to a significant number o
bubbles popping. Presumably, this was due primarily to
loss of fluid in the bubble walls from drainage into the flu
substrate and/or evaporation. Because the bubble raft did
coarsen significantly, there is no competition between co
ening and shear induced rearrangements.

III. EXPERIMENTAL RESULTS

Figure 2 shows the typical behavior of the stress ver
strain for strains above the yield strain. The irregular beh
ior of the stress during flow is apparent. This behavior can
characterized by considering the distribution of stress dro
This is shown in Fig. 3 for a system with 1550 bubbles
various strain ratesġ. All results are given in terms of nor
malized stress drops (Ds[ds/smax), where the stress
dropsds for each run are normalized by the maximum stre

FIG. 2. Typical stress response of a sheared wet foam illus
ing the intermittent stress drops. The rate of strain is 0.014 s21 and
the number of bubbles is 1.63103.
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smax for that run. A bin size forDs of 2.531023 was used
in plotting the distribution, with the probability of a stres
drop of sizeDs @P(Ds)# defined as the number of drop
within each bin divided by the total number of drops in t
run. The solid line is a guide to the eye and has a slope
20.8. The distribution is consistent with a power law f
small stress drops with an exponential cutoff. Because of
cutoff, there is a well-defined average stress drop,^Ds&.
P(Ds) for different system sizes are qualitatively the sam
a power law for smallDs, with an exponential cutoff. In
order to look for quantitative differences as a function
system size, we considered the behavior of^Ds&.

The average stress drop is shown as a function of st
rate for different system sizes in Fig. 4. The smallest sys
consisted of 1.63103 bubbles and is given by the square
For this system, there is essentially no dependence of^Ds&
on strain rate. For the systems with more than 5.63103

bubbles~all of the other systems that we studied!, there does
appear to be a weak strain rate dependence. One observ
increase in the average stress drop with strain rate, untġ
'0.07 s21. Above this value, the average stress drop is

FIG. 4. Plot of the average size of the stress drop (^Ds&)
as a function of the strain rate for different system sizes: 1.63103

~h!; 5.63103 ~s!; 9.23103 ~n!; 1.53104 ~,!; 2.03104 ~L!;

2.63104 ~v!. The solid vertical line is atġ50.066 s21.

t- FIG. 3. Probability distribution for stress drops@P(Ds)# as a
function of the magnitude of the stress drop (Ds[ds/smax). For
each separate run, the stress dropsds have been normalized by th
maximum stresssmax. The symbols represent different strain rate
2.731023 s21 (,); 1.431023 s21 ~n!; 731023 s21 (v); 1.4
31022 s21 ~s!; 1.331021 s21 ~L!; 2.731021 s21 ~h!. The solid
line is a guide to the eye and has a slope of20.8.
2-3



be

th

r

e
de

ra
s

n
i
I

ib

r
te

th
o

r-

c-
ge
itely
em.
sys-
nly

s of
tent
a-
to

ow
r a

or
um-

ted,
er.
ter
of
was

vi-
ble

sug-
ate
he
ber

w

so
an.
-

da

ra

ts a
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dependent of strain rate. The implications of this will
discussed in Sec. IV.

One important result is that there is no increase in^Ds&
with system size. This effectively rules out system size as
source of the cutoff. At the lowest strain rates,^Ds& is lower
for the larger systems. A possible reason for this behavio
discussed in Sec. IV.

The relation between average stress and strain rat
shown in Fig. 5. The maximum stress displays a similar
pendence. Note the knee of the curve atġ'0.07 s21. A line
is drawn as a guide to the eye with a slope of 1/3. The ove
curve is consistent with a Herschel-Bulkley model of visco
ity, where the stress is given bys5A1Bġn @22#. Here,ġ is
the strain rate, andA and B are constants. The variation i
average stress in Fig. 5 is most likely due to the variation
the initial stress from run to run as discussed in Sec.
Presumably, if sufficient aging of the system were poss
before each run, this variation would be reduced.

An alternate way to view the same data is to consideh
[^s&/ġ versusġ, shown in Fig. 6. This is the steady-sta
viscosity, taking care to computeġ at the inner cylinder@22#.
The solid line with slope21 and dashed line with slope
22/3 are guides to the eye and clearly illustrate
Herschel-Bulkley behavior of the bubble raft, with an exp

FIG. 5. Plot of the average stress versus the strain rate. The
line is a guide to the eye, and has slope 1/3.

FIG. 6. Plot of the average stress divided by the rate of st
(h) versus the rate of strain. The solid line has a slope of21 and

the dashed line has a slope of22/3. The two lines cross atġ
50.066 s21.
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nent n51/3. This behavior is consistent with the shea
thinning velocity profile reported in Ref.@5# for ġ
50.062 s21. An open question is the behavior of the velo
ity profile at extremely low strain rates, where the avera
stress is essentially independent of strain rate. One defin
observes bubble motions throughout the bulk of the syst
However, at these low shear rates, most of the time the
tem is undergoing a linear increase of the stress, and o
occasionally is there a stress drop. Initial measurement
the flow during such an increase in the stress are consis
with a linear profile of the velocity. However, detailed me
surements in this regime will be conducted in the future
determine what the long-time average~one that includes
many stress drops! of the flow profile is. This is important
given the fact that measurements of velocity profiles at l
shear rates report an exponential decay of the velocity fo
similar system@23#. For our system, one issue is whether
not the water substrate dragged the bubbles. We made a n
ber of measurements where the outer cylinder was rota
but the bubble raft was not in contact with the outer cylind
This was accomplished by removing approximately the ou
three rows of the bubbles. Under these conditions, no flow
the bubble raft was observed, and no measurable stress
transmitted to the inner rotor. This provides a strong e
dence that the underlying water does not ‘‘drag’’ the bub
raft.

The dependence of the maximum stress on strain rate
gests the existence of a quasistatic limit. Below a strain r
of '0.07 s21, the stress is essentially independent of t
rate of strain. This was checked by considering the num
of stress drops per unit strain (S). This is plotted in Fig. 7.
As with the maximum stress,Sapproaches a constant belo
values of the strain rate of'0.07 s21.

In addition to the distribution of stress drops, we al
characterized the intensity of fluctuations around the me
We defined the fluctuation intensityG as the standard devia
tion of the stress~after the yield stress! for a given run,
expressed as a fraction of the mean stress,

G[A1

N (
i 51

N S s i2^s&

^s& D 2

, ~1!

rk

in

FIG. 7. The number of stress drops per unit strain~S! as a
function of strain rate. The plateau at low rates of strain sugges
quasistatic limit is reached.
2-4
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where the sum is over the measured values of stress andN is
the number of data points for a given experimental r
Given the existence of the prestress, the normalization by
average stress allows for a better comparison between d
ent systems. Figure 8 shows the results for the fluctua
intensityG as a function ofġ for the different system sizes
There is significant scatter in the data; however, there
clear trend of decreasingG asġ increases. One consequen
of this is a correlation betweenG and^s&. This is illustrated
in Fig. 9, where the data for the different system sizes
combined into a single plot. Again, there is significant sca
in the data, but the trend is obvious.

IV. SUMMARY

The results presented here provide a strong evidence
the bubble model provides an accurate description of
shear behavior of a bubble raft. To the extent that bub
rafts are equivalent to foam, the bubble model would a
describe a two-dimensional flowing foam. The stress d
distribution, the average stress as a function of strain
~the steady-state viscosity!, and the rate of stress drops,S, are
all consistent with the bubble model@11#. This agreement is
despite the fact that the bubble rafts studied here are stro
attractive, a feature that is not explicit in the model. O
interesting result is that both the bubble model and
bubble rafts are well described as a Herschel-Bulkley fl
with an exponent of 1/3@24#. It remains to be seen if this

FIG. 8. Fluctuation intensityG versus strain rate for a range o
system sizes: 1.63103 ~h!; 5.63103 ~s!; 9.23103 ~n!; 1.53104

~,!; 2.03104 ~L!; 2.63104 ~v!.

FIG. 9. The fluctuation intensityG versus the mean stress. Th
dark line is a guide to the eye, and has slope21.3 cm/dyne.
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exponent is a generic feature of the model, and of sim
models, or if there is something specific to the parame
used in Ref.@24#. For example, the exponent may depend
various characteristics of the foam, such as the gas-area
tion. This dependence also needs to be tested for the bu
rafts.

Comparison of our studies with both the quasistatic mo
@15,16# and the quasistatic experiments@20# raises an inter-
esting question: is there a fundamental difference betw
slow but steady shear and true quasistatic motions? The
agreement between our results and the quasistatic ex
ments suggests that such a difference may exist. Howeve
is also possible that the discrepancies are due to compa
direct measurements of the stress drops with sizes of sp
rearrangements. Future work with our system will look
both the issue of quasistatic steps versus steady shear an
spatial extent of rearrangements.

With regard to the extendedq-Potts model, this work
raises some important questions. Two clear predictions
this model are~1! there is no quasistatic limit; and~2! a
sufficiently disordered foam no longer has a yield strain@17#.
Neither behavior was observed in our experiments. At t
point, one would need to do further work to determine
there was something fundamentally missing from theq-Potts
model that results in this disagreement. The other possib
is that our foams were either not sufficiently disordered to
accurately described by theq-Potts model or they were no
sufficiently dry, as the simulations in Ref.@17# were for dry
foam. Therefore, future experiments will focus on the role
disorder and the wetness of the foam.

Though not conclusive, the behavior of the average str
drop as a function of system size and strain rate, shown
Fig. 4, suggests some interesting behavior. The large
crease in^Ds& as a function of system size is surprisin
One possible explanation involves the spatial correlations
tween bubble rearrangements that produce the stress d
As the system size increases, there are more spatial loca
at which rearrangements can occur. For low enough st
rates, there will be an intermediate range of systems size
which this increases the probability of isolated small str
drops occurring. Once one region slips, enough stress is
lieved such that the other regions do not rearrange unt
sufficiently later time that they are recorded as a new str
drop. Such dynamics would result in a decrease in the a
age stress drop with system size. Eventually, as the sys
size increases even more, this behavior should ‘‘smooth’’
the dynamics, as small stress drops occur almost cont
ously. Presumably, this happens in large, three-dimensio
samples. On the other hand, for these intermediate size
tems, as the strain rate is increased, the stress releases
closer together. This increases the likelihood of multip
small events in different spatial locations combining to fo
larger stress drops. Therefore, one observes an increase
average stress drop as a function of strain rate. Eventuall
the system crosses over to more fluidlike behavior, ther
again a smoothing of the dynamics. In this regime, the av
age stress drop becomes independent of the strain
Clearly, more work is needed, both in experiments and sim
lations, to test these ideas. In particular, they highlight
2-5



ee
re

or
in

in

t,
an
s
di
b

en-
rain

o.
he
E.P.
adu-
J.
el

E. PRATT AND M. DENNIN PHYSICAL REVIEW E67, 051402 ~2003!
importance of measuring both spatial correlations betw
rearrangement events and the correlation between the
rangements and the stress drops.

Finally, it interesting that the crossover to smoother, m
fluidlike behavior, as a function of strain rate, is evident
both the measurement ofG and ^Ds&. However, the two
measures reveal a slightly different behavior. As one
creases the strain rate,G decreases monotonically~see Fig.
8!. However,^Ds& becomes independent ofġ at the higher
strain rates~see Fig. 4!. The two results are not inconsisten
since G measures the size of fluctuations from the me
while ^Ds& measures the average size of the change
stress that produce these fluctuations. Again, understan
the spatial distribution of bubble rearrangements will pro
d

l
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in

05140
n
ar-

e

-

,
in
ng
-

ably be an important step in fully understanding the dep
dence of these two measures of the fluctuations on st
rate.
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